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Abstract
We obtain the correct hamiltonian which describes the dynamics of
classes of asymptotic open Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
spacetimes, which includes Tolman geometries. We calculate the surface
term that has to be added to the usual hamiltonian of General Relativity
in order to obtain an improved hamiltonian with well defined functional
derivatives. For asymptotic flat FLRW spaces, this surface term is zero,
but for asymptotic negative curvature FLRW spaces it is not null in gen-
eral. In the particular case of the Tolman geometries, they vanish. The
surface term evaluated on a particular solution of Einstein’s equations
may be viewed as the “energy” of this solution with respect to the FLRW
spacetime they approach asymptotically. Our results are obtained for a
matter content described by a dust fluid, but they are valid for any perfect
fluid, including the cosmological constant.
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1 Introduction
The hamiltonian formulation of General Relativity (GR) is known to have very
different properties depending whether it is realized in closed spaces or in open
spaces. For closed spaces, the hamiltonian of GR can be written in terms
of a single general expression consisting of a volume integral in a spacelike
hypersurface whose integrand is a hamiltonian density which is a combination
of constraints [1]. For open spaces, however, it was long ago recognized that the
hamiltonian of GR must be suplemented by a surface term [1]. In Ref.[2], it was
shown that such surface terms are in fact necessary if one wants to construct
a consistent hamiltonian of GR in open spaces, with well defined functional
derivatives. The specific form of the surface term depends on the asymptotic
structure of such spaces. In this way, the surface term of Ref.[1] was obtained in
Ref.[2] from a consistency criterium applied to asymptotically flat spacetimes.
This procedure was then used in asymptotically anti-de Sitter (ADS) spacetimes
[3] in order to obtain the correct hamiltonian of such spaces.
The evaluation of the total hamiltonian of GR on shell can be viewed as
the total “energy” of specific gravitational fiels solving the Einstein’s equations.
For closed spaces this value is zero (any solution of Einstein’s equations must,
of course, satisfy the constraints). For open spaces with asymptotically flat and
ADS structures, this value is given by the surface term evaluated on shell, which
is not zero. The results are in agreement with other prescriptions to evaluate
the total energy of these gravitational fields [4, 5] (see however [6]).
The aim of this paper is to apply the procedure described in Refs.[2, 3]
to more involved asymptotic structures. As we live in a Universe very well
described by Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spacetimes, we
will study the hamiltonian formulation of asymptotically FLRW spacetimes.
The matter content will be described by a dust fluid, but, as we will see, the
results we obtain are valid for any perfect fluid, including the cosmological
constant. The asymptotic structure of such spaces was obtained as follows: we
started with Tolman geometries which are asymptotically FLRW spaces, and
we act on them with the group of isometries of FLRW spaces in all possibles
ways, obtaining a class of asymptotic FLRW geometries which contains Tolman
geometries and which are invariant under the action of the Killing vectors of
FLRW spaces at infinity. This procedure yields the asymptotic structure of
the 3-geometries and their momenta. The asymptotic behaviors of the lapse
and shift functions are obtained through the requirements that the hamiltonian
dynamics preserves the asymptotic structure of the spatial geometries, and that
the fluid 4-velocities be normal to the spacelike hypersurfaces which folliate
spacetime. Of course, this is not the most general class of asymptotic FLRW
spaces, but it contains a wide variety of physically interesting solutions such as
Tolman geometries.
This paper is organized as follows: in the next section we review the main
general aspects of the hamiltonian formulation of GR for open spaces. In section
III we describe in details the construction of the class of asymptotic FLRW
spaces we will work with. In section IV we arrive at the correct hamiltonian
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which describe the dynamics of such solutions. We end up with the conclusions.
2 The Hamiltonian of General Relativity For
Open Spaces
The hamiltonian of General Relativity for closed geometries and a dust field is
given by
H =
∫
NµH
µd3x (1)
where Nµ = (N,Ni), N and N
i are the lapse and shift functions, respectively,
and Hµ is given by
H0 = 16πGabcdπ
abπcd −
√
gR
16pi + (m
2 + χ,iχ
,i)1/2πχ,
Hi = −2πik‖k + πχχ
,i,
(2)
with Gabcd =
1
2g
−1/2[gacgbd+gadgbc−gabgcd]. In the above expressions gik is the
metric, g its determinant, and R the scalar curvature of spacelike hypersurfaces.
The canonical gravitational momentum is given by πik, the double bar represents
the covariant derivative with respect to gik, and χ is the dust field defining the
velocity field of the dust particles of mass m,
uµ = −
4gµνχ,ν
m
. (3)
where 4gµν is the inverse of the 4 - dimensional metric 4gµν The quantity πχ
is the canonical momentum of χ, which is connected to the number density of
dust paticles n through
πχ = ng
1/2
(
1 +
χ,iχ
,i
m2
)
. (4)
We are using geometrical units where G = c = 1.
When one varies H with respect to gik and π
ik, χ and πχ one obtains:
δH =
∫
d3x[Aikδgik +Bδχ+ Cikδπ
ik +Dδπχ] (5)
whose coefficients Aik, B, Cik, D, when inserted into the equations ˙πik = −Aik,
˙gik = Cik, π˙χ = −B, χ˙ = D yeld, together with the constraints H ≈ 0 and
Hi ≈ 0, the full Einstein’s equations for a general 4-geometry with a dust field.
However, when the spacelike hypersufaces are open, the variation of H gives,
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together with (5), the surface terms
−ST = −
1
16pi
∮
B
d2SlG
ijkl(Nδgij‖k −N,kδgij)
−
∮
B
d2Sl[2Nkδπ
kl + (2Nkπjl −N lπjk)δgjk]
+
∮
B d
2SlNπχχ
,lδχ(m2 + χ,iχ
,i)−1/2
+
∮
B d
2SlN
lπχδχ,
(6)
where d2Sl =
1
2! ǫljkdx
j ∧ dxk, ǫljk being the 3-dimensional metric independent
totally antisimetric object, B is a 2-sphere at infinity, Gijkl = 1/2g1/2(gikgjl +
gilgjk − 2gijgkl), and gik is the inverse of gik .
If the surface term (6) does not vanish asymptotically, the functional deriva-
tives of the hamiltonian cannot be defined due to the presence of them in the
expression of δH . The usual remedy to this problem is to evaluate which surface
terms in (6) survive for specific asymptotic strutures, and add to the hamiltonian
(1) a suitable surface term such that, for variations respecting the asymptotic
struture of the field, the variation of the total hamiltonian HT = H + E yields
δHT = δ(H + E) = δH + δE =
=
∫
d3x[Aikδgik +Bδχ+ Cikδπ
ik +Dδπχ]− ST + ST
(7)
where E is constructed in such a way that δE = ST . As a consequence, the new
hamiltonian HT has now well defined variations yielding the correct Einstein’s
equations. This procedure has been successfully applied to asymptotically flat
and anti-de Sitter spaces [2, 3]. We will now investigate if this procedure can
be done for asymptotically FRLW spacetime.
3 Two Classes of Asymptotically FLRW Space-
time
Our starting point is the class of Tolman metrics
ds2 = (1 − kr2)−1R′2dr2 +R2(dθ2 + sin2θdφ2)− dt2, (8)
where r, θ , φ are comoving coordinates with the spherically symmetric fluid in
the model, R(r, t) ≥ 0, with R(0, t) = 0, r ≥ 0, 0 ≤ θ ≤ π , 0 ≤ φ ≤ 2π, a prime
denotes ∂∂r , and k = 0,−1, as there are no open models with k = 1.
If the line element (8) represents asymptotically FLRW spacetimes then,
asymptotically, one should have
R(r, t) = ra(t)
[
1 +
f(t)
r
+
g(t)
r2
+ ...
]
(9)
which implies that
R′(r, t) = a(t)
[
1−
g(t)
r2
+ ...
]
(10)
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Hence,
g22 =
◦
g22
[
1 +
2f
r
+
(f2 + 2g)
r2
+ ...
]
(11)
g11 =
◦
g11
[
1−
2g
r2
+ ...
]
, (12)
and g33 = sin
2θg22, where
◦
gik represents the background spacelike metric of the
FLRW spacetime at infinity, and we define hik ≡ gik −
◦
gik.
For the momenta,
πik = −g1/2(Kik − gikK), (13)
where
Kik = −
1
2N
( ˙gik −Ni‖k −Nk‖i), (14)
and K = gikK
ik. According to the above expressions one has,
πik =
◦
π
il
[
δkl +
bkl (t)
r
+ ...
]
(15)
where
◦
π
ik
are the background momenta given by
◦
π
ik
= −2r2sinθa˙a2
◦
g
ik
. (16)
There is a necessary contribuition to the 1/r dependence in (15) coming from
the term g1/2 ≃
◦
g
1/2
[1 +
◦
g
ik
hik + ...]. The precise form of b
k
l (t) in terms of g(t)
and f(t) is not important for what follows.
For the dust field, as the velocity field of the backgound is
◦
u
µ
= δµ0 then,
asymptotically, χ ≃ mt[1 + s(t)/r], n ≃
◦
n(t)[1 + q(t)/r], and, from (3) and (4),
one obtains
πχ =
◦
πχ(t)
[
1 +
p(t)
r
+ ...
]
. (17)
To obtain the classes of asymptotically geometries which contain (8) and
which are invariant under the action of the isometries of FLRW spacetimes at
infinity, one must take the asymptotic deviations of the metric (8), the field χ
and their momenta with respect to the reference FLRW space,
hik = gik −
◦
gik q = χ−
◦
χ
pik = πik −
◦
π
ik
pχ = πχ −
◦
πχ,
(18)
and act on them with the Killing vectors of FLRW spaces. The Killing vectors
of the homogeneous and isotropic hypersufaces of asymptotic FLRW spacetimes
read
~ζ(12) =
∂
∂φ
~ζ(23) = −sinφ
∂
∂θ − cotgθcosφ
∂
∂φ
~ζ(31) = cosφ
∂
∂θ − cotgθsinφ
∂
∂φ
(19)
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~ζ(14) = (1 − kr
2)1/2sinθcosφ ∂∂r +
(1−kr2)1/2
r cosθcosφ
∂
∂θ −
(1−kr2)1/2
r
sinφ
sinθ
∂
∂φ
~ζ(24) = (1 − kr
2)1/2sinθsinφ ∂∂r +
(1−kr2)1/2
r cosθsinφ
∂
∂θ +
(1−kr2)1/2
r
cosφ
sinθ
∂
∂φ
~ζ(34) = (1 − kr
2)1/2cosθ ∂∂r −
(1−kr2)1/2
r sinθ
∂
∂θ
(20)
The Killing vectors generators of rotations are written in (19), while the gener-
ators of “translations” are written in (20).
The asymptotic strutures of theses classes and the relevant surface terms in
(6) will depend on the value of k, yielding two distinct classes of asymptotic
behavior, which will be treated separately.
3.1 The k = 0 case
The background phase space variables are:
◦
g11 = a
2(t);
◦
g22 = a
2(t)r2;
◦
g33 = sin
2θ
◦
g22
◦
π
11
= −2r2sinθa˙(t);
◦
π
22
= −2sinθa˙(t);
◦
π
33
=
◦
π
22
sin−2θ
◦
χ = mt;
◦
πχ = na
3r2sinθ
(21)
The asymptotic deviations of (8) from this background behaviour read
h11 ∼ −2a
2(t)g(t)r−2; h22 ∼ a2(t){2r(t)f(t) + [f2(t) + 2g(t)]};
p11 ∼ n1(t)r; p
22 ∼ n2(t)r
−1;
h33 = sin
2θh22; p
33 = p22sin−2θ;
q ∼ n3(t)r
−1; pχ ∼ n4(t)r,
(22)
where the ni(t) are functions of time depending on the particular Tolman solu-
tion we take.
Acting on these deviations with the Killing vectors of the k = 0 FLRW
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spacetimes written in (19) and (20), we obtain the general asymptotic behaviors:
h11 ∼ r
−2l11(t, θ, φ) +O(r−3)
h22 ∼ rl22(t, θ, φ) +O(r
0)
h33 ∼ rl33(t, θ, φ) +O(r
0)
h12 ∼ r
−1l12(t, θ, φ) +O(r−2)
h13 ∼ r
−1l13(t, θ, φ) +O(r−2)
h23 ∼ r
−1l23(t, θ, φ) +O(r−2)
p11 ∼ rM11(t, θ, φ) +O(r0)
p22 ∼ r−1M22(t, θ, φ) +O(r−2)
p33 ∼ r−1M33(t, θ, φ) +O(r−2)
p12 ∼ r−1M12(t, θ, φ) +O(r−2)
p13 ∼ r−1M13(t, θ, φ) +O(r−2)
p23 ∼ r−1M23(t, θ, φ) +O(r−2)
pχ ∼ rMχ(t, θ, φ) +O(r
0)
q ∼ r−1hχ(t, θ, φ) +O(r−2)
(23)
The asymptotic behavior of the lapse function can be evaluated by demand-
ing that the dynamics do not spoil the above relations. The dynamics yields,
g˙ik = 2Ng
−1/2
[
πik −
1
2
gikπ
]
+Ni‖k +Nk‖i (24)
Evaluating it for i = k = 1, we find that δN ∼ O(r−2) for g˙11 ∼ O(r−2) as g11.
For the shift functions, if one demands that the asymptotic hypersufaces
be orthogonal to the fluid 4-velocity, then the hypersuface normal vector ηµ =
N−1(1 , N i) ∼ uµ = −gµνχ,ν/m which implies from (18), (21) and (22) that
N1 ∼ O(r−2), and N2 ∼ N3 ∼ O(r−3).
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3.2 The k = -1 case
The background phase space variables are now given by:
◦
g11 = a
2(t)(1 + r2)−1;
◦
g22 = a
2(t)r2;
◦
π
11
= −2r2(1 + r2)1/2sinθa˙(t);
◦
π
22
= −2sinθa˙(t)(1 + r2)−1/2;
◦
g33 = sin
2θ
◦
g22;
◦
π
33
=
◦
π
22
sin−2θ
◦
χ = mt;
◦
πχ = na
3r2sinθ(1 + r2)−1/2
(25)
The asymptotic deviations of (8) from this background now read
h11 ∼ −2a
2(t)g(t)r−4; h22 ∼ a2(t){2rf(t) + [f2(t) + 2g(t)]};
p11 ∼ n1(t)r; p
22 ∼ n2(t)r
−1;
h33 = sin
2θh22; p
33 = p22sin−2θ;
q ∼ n3(t)r
−1; pχ ∼ n4(t).
(26)
The action of the Killing vectors of the k = -1 FLRW spacetimes listed in
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(19) and (20) yields the following general behavior,
h11 ∼ r
−4l11(t, θ, φ) +O(r−5)
h22 ∼ rl22(t, θ, φ) +O(r
0)
h33 ∼ rl33(t, θ, φ) +O(r
0)
h12 ∼ r
−2l12(t, θ, φ) +O(r−3)
h13 ∼ r
−2l13(t, θ, φ) +O(r−3)
h23 ∼ r
−1l23(t, θ, φ) +O(r−2)
p11 ∼ r2M11(t, θ, φ) +O(r)
p22 ∼ r−2M22(t, θ, φ) +O(r−3)
p33 ∼ r−2M33(t, θ, φ) +O(r−3)
p12 ∼ r−1M12(t, θ, φ) +O(r−2)
p13 ∼ r−1M13(t, θ, φ) +O(r−2)
p23 ∼ r−1M23(t, θ, φ) +O(r−2)
pχ ∼Mχ(t, θ, φ) +O(r
−1)
q ∼ r−2hχ(t, θ, φ) +O(r−3)
(27)
where the last two behaviors come from the fact that ui, according to (3), must
be zero at infinity.
Using the same arguments as in the k = 0 case, we obtain that N ≈ 1 +
O(r−2), N1 ≈ O(r−1), N2 ≈ O(r−4), N3 ≈ O(r−4).
4 The Hamiltonians of Two Classes of Asymp-
totically FLRW Spacetimes
We are now in position of evaluating the surface integrals (6). In spherical
coordinates, d2Sl = dθdφδ
1
l .
4.1 The k = 0 case
The unique terms on the integrand which may not vanish asymptotically are:
− ST = −
◦
g
1/2◦
g
11
[
◦
g
22 ◦
Γ
2
12δg22 +
◦
g
33 ◦
Γ
3
13δg33 +
◦
g
22
δg22;1 +
◦
g
33
δg33;1], (28)
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where the semicolon means the covariant derivative with respect to the back-
ground metric. However, as δg22 ≈ δg33 ≈ O(r), and as
◦
Γ
2
12 =
◦
Γ
3
13 = r
−1, the
terms in the above expression cancel out at this order. Hence ST = 0 for k = 0
and it is not necessary to suplement the hamiltonian with any surface term. It
means that, on shell, H = 0.
4.2 The k = -1 case
The surface term (6) can now be calculed. The relevant terms are:
−ST = −
1
16pi
∫
B
d2S1
◦
g
1/2◦
g
11◦
g
22
[δg21,2 −
◦
Γ
1
22δg11
−(
◦
Γ
2
12 +∆Γ
2
12)(δg22 + δ
◦
g
22
)− δg22,1]
− 116pi
∫
B
d2S1
◦
g
1/2◦
g
33◦
g
11
[δg31,3 −
◦
Γ
1
33δg
11
−(
◦
Γ
3
13 +∆Γ
3
13)(δg33 + δ
◦
g
33
)− δg33,1],
(29)
where ∆Γ212 = 1/2(
◦
g
22
h22,1+ h
22
◦
g22,1) and ∆Γ
3
13 = 1/2(
◦
g
33
h33,1+ h
33
◦
g33,1) are
the next leading order terms of Γ212 and Γ
3
13 after
◦
Γ
2
12 and
◦
Γ
3
13, respectively. The
divergent terms cancel out (
◦
Γ
2
12 =
◦
Γ
3
13 = r
−1) and this surface term is finite.
The terms containing the deviations ∆Γ of the connections with respect to the
background connection, which are of order r−2, can be written as
1
16π
δ
∫
d2Sl
1
8
(hijhij);m
◦
g
ml◦
g
1/2
. (30)
This can be proved by using that, at leading order, h22, δg22, h33, δg33 are of
order r and hence h22δg22,1 = h22,1δg22 and h33δg33,1 = h33,1δg33. Then the
total no null surface terms for this k = -1 case reads
− ST = −
1
16π
δ
∫
d2Sl
[
◦
G
ijkl
hij;k −
1
8
(hijhij);m
◦
g
ml◦
g
1/2
]
(31)
The total hamiltonian with well defined functional derivatives is HT = H + E,
where
E =
1
16π
∫
d2Sl[
◦
G
ijkl
hij;k −
1
8
(hijhij);m
◦
g
ml◦
g
1/2
]. (32)
We would like to emphasize once again that the variations in (32) are for
fixed background at infinity, which means that δ
◦
gml = 0 at infinity. The surface
term E is completely covariant under general spatial coordinate transformations
and finite.
For the case of Tolman metrics, where the asymptotic deviations from FLRW
are given in (26), the quantity E given in (32) is identically zero because of
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cancellation of its terms. This happens due to the three conditions satisfied by
the Tolman metric (8):
i) The functions f and g in h11 and h22 depend only on time.
ii) The function g(t) appearing in h11 is the same as the one appearing in
the second term of h22.
iii) h33 = sin
2θh22.
If one of these conditions is not satisfied, the term E may not be null.
5 Conclusion
We have constructed consistent hamiltonians for some classes of asymptotically
FLRW spacetimes.
In the case k = 0, there is no need to add surface terms to the usual hamil-
tonian of GR in order for the hamiltonian formalism be well defined.
In the case k = −1, a surface term must be present which is shown in Eq.
(32). For Tolman geometries given in (8), this surface term is zero, although it
should not be zero in more general cases.
If we interpret the value of the hamiltonian evaluated in a solution of Ein-
stein’s equations as the “energy” of this solution with respect to the FLRW
spacetime they approach at infinity (its reference spacetime), which is not nec-
essarily conserved because of the absence of timelike Killing vectors in such
solutions, then we can say that any asymptotic FLRW spacetime with k = 0
and Tolman solutions with k = −1 have the same “energy” as their reference
FLRW spacetimes.
Note that the terms involving the dust field degrees of freedom do not con-
tribute to the surface terms in any case. The same must be true for other perfect
fluids. A cosmological constant also does not contribute because it appears in
the hamiltonian without derivative terms (g1/2Λ).
One important consequence of these results is that if one wishes to study
the midisuperspace quantization of geometries with asymptotic behavior given
in (27), then the surface term (32) must be taken into account, yielding a non
trivial Schro¨dinger equation besides the Wheeler-DeWitt equation. For the
k = 0 case, the situation is the same as in midisuperspace quantization of closed
geometries: the only relevant equation is the Wheeler-DeWitt equation as long
as, in this case, there are also no surface terms.
It should be interesting to evaluate the surface term (32) for asymptotic
FLRW spacetimes satisfying (27) which are different from Tolman geometries,
and study the physical significance of this term in this geometry. This will be
the subject of our further investigations.
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